A new combinatorial interpretation for generalized Catalan number  by Chu, Wenchang
Discrete Mathematics 65 (1987) 91-94 
North-Holland 
91 
NOTE 
A NEW COMBINATORIAL  INTERPRETATION FOR 
GENERAL IZED CATALAN NUMBER 
Wenchang CHU 
Department of Applied Mathematics, Dalian Institute of Technology, Dalian, China 
Received 11 January 1985 
Revised 4April 1986 
A new combinatorial interpretation is presented for generalized Catalan numbers [11], i.e., 
C¢(~) enumerates the collection of divisions of (~, fi) pints on the circumference of a circle 
into n~ set of v~-point-groups (1 ~<i ~<k) without "crossing". 
The Catalan number C~ [1-5] is defined to be (~)/(n + 1). This sequence was 
first studied by Euler, Catalan and others. It has had about fifty different 
interpretations on the non-associative algebra, the partitions of convex polygon, 
the ballot problems, the lattice paths, the random walks, and the plane trees. Its 
extensions are higher Catalan number Ck(n)[5--11] and the generalized Catalan 
number C~(~) [11-14], respectively. 
Ck(n) =nk-4- 1 \ n ' 
1 (Q i ,~)+1)  
C~(~) = (~, ~) + 1 
1 ~.= nivi + 1 
k 
~,i=1 niv~ + 1 nl, n2, . . . ,  nk, 1 + ~ ni(vi -- 1) 
t= l  
(1) 
(2) 
For these sequences, everal authors have found many interpretations analo- 
gous to C.. 
In this note, we discover a new combinatorial interpretation of C~(~). It is a 
generalization of the result due to Motzkin [5] for the interpretations of Cn and 
Ck(n), which showed that Cn enumerates the collection of ways in which 2n 
points on the circumference of a circle can be jointed in pairs by n chords which 
do not intersect within the circle. The conclusion may be stated as follows: 
"l[]teorem. The number of divisions of (~, ~ ) points on the circumference of a 
circle into n~ set of vrpoint-groups (l<~i~<k) without "crossing" is equal to 
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Fig. 1. 
C~(~). Here (~, fJ) denotes the inner product of non-negative integral vectors 
a = (nl, n2 , . . . ,  nk) and 0 = (v~, v2 , . . . ,  VK). 
It can be illustrated in the following way: For each Vi-point-group of a given 
division, we can obtain a vi-side convex polygon by connecting some chords 
between these points. In this way we have n~ convex polygons with vi sides 
(1 ~< i ~<k) in which all of chords that constitute the polygons' sides do not 
intersect within the circle. Therefore C~(a) enumerates the ways in which we can 
obtain n~ convex polygons with vi sides (1 ~< i <~ k) by connecting some chords 
based on (~, 0) points on the circumference of a circle such that all chords do 
not intersect within the circle. 
For example, ti = (1, 1) and 0 = (2, 3), the corresponding divisions are shown 
in Fig. 1. 
Proof. Let d(K) denote the number of the above mentioned ivisions and D(fO 
the corresponding multi-variable generating function defined by 
O(fO = ~ d(n)xT'x~ 2 "" " xT:. (3) 
a 
Considering a fixed point on the circumference of a circle, suppose the group 
containing this point has vi points. Then this group divides the remaining 
(a, O) -v i  points into at most vi parts and the divisions among these parts are 
independent. Hence the number of their divisions becomes 
13 i 
E H a(0, 
E?ffil "~j=~-,-~.,j---1 
where ei is a unit-vector with ith coordinate being 1. 
1 ~< i ~< k, we obtain a recurrence relation 
k 
d(~) = ~ ~ d(~l)d(~2)--- d(~,,). 
i=1  E~=I rj=n--ei 
The corresponding function equation is 
D(fQ = 1 + xaD"'(f() + x2D"~(X ")+ ' - "  + XkD"%X). 
Therefore we only need to check that 
c(2) = E xZ 
satisfies eq. (6). 
(4) 
Summing all of i over 
(5) 
(6) 
(7) 
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For a natural number t, it is easy to obtain 
c . .  
Repeatedly using Raney's formula [14] 
s+t  ((~, ~) +s +t)  = 
(~, ~)+s+t  
we have that " ( . . .}"  in (8) equals 
t ((g, ~) +t)  
(g, ~) +t  ~ " 
From the fact that 
nk  
• X k • (8) 
s O)+s) 
x (g - r .  ~) +t  l / - F  ' (9) 
1 
i=1  
we have the conclusion that C(J~) satisfies the function equation (6) and the 
result is desired. This completes the proof of theorem. [] 
Remark. The theorem of this paper can be derived by using Good's several 
variable Lagrange inversion formula [15] to eq. (6). 
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